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This paper deals with the anti-plane problem of two bonded functionally graded ﬁnite
strips. Each strip contains an internal crack normal to the interface. The material properties
of two strips are assumed to vary along the direction of the crack lines. A system of singular
integral equations is derived and then solved numerically by using Gauss–Chebyshev inte-
gration formula. The inﬂuences of nonhomogeneous parameters, crack interactions and
two edge conditions on the mode III stress intensity factors are investigated.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
To get rid of the abrupt change of material properties in laminate structures, functionally graded materials (FGMs) can be
used to smooth the stress distribution. The crack problems of FGM layered elastic structures become attractive in the ﬁeld of
fracture mechanics.
The internal crack or cracks may be parallel or perpendicular to the interface. The studies of Noda and Jin (1993),
Fotuhi and Fariborz (2006) and Wang et al. (2003) can be categorized to the former case. Several studies can be
referred to the later case. Erdogan et al. (1991) solved the mode III crack problem in bonded two dissimilar homoge-
neous half planes with a nonhomogeneous interfacial zone. Choi (1996) studied the bonded dissimilar strips with a
crack perpendicular to the functionally graded interface under the mode I loading. Erdogan and Wu (1997) solved
the plane crack problem for a nonhomogeneous layer containing a crack. Ueda and Mukai (2002) studied the in-plane
crack problem of a functionally graded nonhomogeneous interfacial layer. Surface layer with an internal crack is
bonded to an interfacial layer and a substrate. Gao et al. (2004) studied the mode I crack problem in a functionally
graded orthotropic strip. For the general case, Long and Delale (2004) presented a general problem for an arbitrarily
oriented crack in a FGM layer. In these papers, the inﬂuence of the nonhomogeneous material properties, the geometry
parameters on the stress intensity factors are discussed in detail. The studies of FGM layer structures have also
extended to include the transient, viscoelastic and piezoelectric effects, such as Jin and Paulino (2002); Jin et al.
(2003); Ueda (2005).
In this study, the stress ﬁeld of two bonded functionally graded material strips is obtained. Each strip contains an inter-
nal crack perpendicular to the bonding surface. The material properties vary exponentially along crack line. Fourier trans-
form is used to formulate the mode III crack problem into a system of singular integral equations, which is then solved by
using shev Gauss–Chebyshev integration formula. Numerical results are graphically presented to illustrate the effects of. All rights reserved.
165; fax: +886 6 2363950.
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the stress intensity factors.
2. Formulations
Fig. 1 shows the geometry of the structure. Two strips with width h1 and h2, respectively, are bonded along the interface
x = 0. Each strip contains an internal crack with crack length 2ai0 perpendicular to the interface. The subscript i indicates the
FGM strips 1 and 2. The shear loads applied at the crack surfaces are s1(x) and s2(x), respectively. The shear loadss1(x) and
s2(x) can be obtained by using the principle of superposition from the external loads applied at inﬁnity y ? ±1. The shear
moduli of both strips are assumed to vary along the x-axis. Under anti-plane deformation, the constitutive and equilibrium
equations are as follows:sjzðiÞ ¼ lðiÞðxÞwðiÞ;j ð1Þ
sjzðiÞ;j ¼ 0 ð2Þwhere j = x, y. The index i in the parentheses stand for the strips 1 and 2. The quantities w(i) and sjz(i) are the anti-plane
displacements of strip i, and anti-plane shear stresses, respectively. The shear moduli l(i)(x) are assumed in the following
exponential forms:lð1ÞðxÞ ¼ l0 expðbxÞ ðx > 0Þ ð3aÞ
lð2ÞðxÞ ¼ l0 expðcxÞ ðx < 0Þ ð3bÞwhere b and c are the nonhomogeneous parameters of strips 1 and 2, respectively. The shear modulus l0 is assigned at the






























g21ðx;aÞ sinðayÞda ð5bÞSince the problem is symmetric with respect to x-axis, only the upper half-plane y > 0 is considered here. From Eqs. (1), (2),
(4) and (5) the unknown functions can be obtained asFig. 1. Conﬁguration of two bonded cracked FGM strips.
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f21ða; yÞ ¼ BðaÞ expðm2yÞ þ B2ðaÞ expðm4yÞ
g11ðx;aÞ ¼ C1ðaÞ expðp1xÞ þ C2ðaÞ expðp2xÞ
g21ðx;aÞ ¼ D1ðaÞ expðq1xÞ þ D2ðaÞ expðq2xÞ
8>><
>>:








p1 ¼ b=2 a1
p2 ¼ b=2þ a1
q1 ¼ c=2þ a2









The roots mj(j = 1, 2  4) are ordered in such a way that Re (m1) < 0, Re (m2) < 0 as a approach minus and plus inﬁnity. From
the regularity conditions at y?1, the unknown functions in Eqs. (6a) should be rewritten as follows:f11ða; yÞ ¼ AðaÞ expðm1yÞ
f21ða; yÞ ¼ BðaÞ expðm2yÞ
g11ðx;aÞ ¼ C1ðaÞ expðp1xÞ þ C2ðaÞ expðp2xÞ
g21ðx;aÞ ¼ D1ðaÞ expðq1xÞ þ D2ðaÞ expðq2xÞ
8>><
>>:
ð6bÞand A(a), . . ., D2(a) are unknown functions to be obtained from the continuity and boundary conditions. The continuity con-
ditions on the interface x = 0 arewð1Þð0; yÞ ¼ wð2Þð0; yÞ ð7aÞ
sxzð1Þð0; yÞ ¼ sxzð2Þð0; yÞ ð7bÞThe mixed boundary conditions on the y = 0 are as follows:syzð1Þðx;0Þ ¼ s1ðxÞ for a1 < x < b1 ð8aÞ
syzð2Þðx;0Þ ¼ s2ðxÞ for a2 < x < b2 ð8bÞ
wð1Þðx; 0Þ ¼ 0 for 05x5a1 and b15x < h1 ð9aÞ
wð2Þðx; 0Þ ¼ 0 for h2 < x5a2and b25x50 ð9bÞThe shear loadss1(x) and s2(x) are known functions and are obtained by using the principle of superposition from the exter-





















g2ðtÞeiatdt ð12bÞAfter employing the continuity conditions Eq. (7) and the Fourier inverse transform, we obtain the following relations among
four unknown functions C1 (a), . . ., D2 (a):
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g2ðtÞeq2tdt ð14bÞDepending on the boundary conditions at the surfaces x = h1 and x = h2, two cases are discussed in this study to get the func-
tions C1, C2, D1, and D2 in terms of the dislocation functions g1 and g2.
Case 1: Two edge surfaces are free of traction



















þaa1p2ep2h1eq2h2 ðq2  q1Þ
R b2
a2













þaa1p1p2ep1h1eq2h2 ðq1  q2Þ
R b2
a2





D1ðaÞ ¼ 1D faa2q2eq2h2ep2h1 ðp1  p2Þ
R b1
a1













D2ðaÞ ¼ 1q2D faa2q1q2eq1h2 ep2h1 ðp2  p1Þ
R b1
a1












ð17dÞwhereD ¼ 2a1a2a2 ðep1h1  ep2h1 Þðq1eq1h2  q2eq2h2 Þ þ ðeq2h2  eq1h2 Þðp1ep1h1  p2ep2h1 Þ



























; ð18bÞwhere the kernels ki (x, t), (i = 1, . . ., 18) are given in Appendix A. Separating the singular term of the kernels k1(x, t) and
k10(x, t), Eq. (18) may be rewritten as follows:




















































( )These two equations are called the singular integral equations of the ﬁrst kind with simple Cauchy-type singularities. All ker-
nels in Eq. (19) are bounded except the term 1=ðt  xÞ, which contribute the singular effects. The dislocation functions g1 and
g2 can be solved numerically by using Gauss–Chebyshev integration formula.
Case 2: Two edge surfaces are ﬁxed
The two surfaces at x = h1 and x = h2 are assumed to be ﬁxed as follows:wð1Þðh1; yÞ ¼ wð2Þðh2; yÞ ¼ 0 ð20Þ




D1ðaÞeq1h2 þ D2ðaÞeq2h2 ¼  a2a2q1
Z b2
a2








þaa1p1p2q1ep2h1eq2h2 ðq1  q2Þ
R b2
a2













þaa1p1p2q1ep1h1eq2h2 ðq2  q1Þ
R b2
a2





D1ðaÞ ¼ 1D1 faa2p1q1q2eq2h2 ep2h1 ðp2  p1Þ
R b1
a1













D2ðaÞ ¼ 1D1 faa2p1q1q2eq1h2 ep2h1 ðp1  p2Þ
R b1
a1












ð22dÞwhereD1 ¼ 2p1p2q1q2a1a2 ðeq1h2  eq2h2 Þðp1ep2h1  p2ep1h1 Þ þ ðep1h1  ep2h1 Þðq2eq1h2  q1eq2h2 Þ
 From the load conditions (8) on the crack surfaces, the governing equations for dislocation functions g1 and g2 are the same
as Eq. (19) of Case 1 with different kernels given in Appendix B.
3. Degenerated problems
The crack problem governed by Eq. (19) can be degenerated to some simple problems by changing the geometric param-
eters. Three degenerated problems reduced from Case 1 are discussed.
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A FGM strip bounded to a FGM medium (-h2?1)
If the edge boundary with x = h2 moves to minus inﬁnity (-h2?1), the kernels k8(x, t), k9(x, t), k12(x, t), k13(x, t), k14(x, t),
























k15ðx; tÞ þ k16ðx; tÞ½ g1ðtÞdt
( )
ð23bÞwhere the remaining kernels ki (x,t), (i = 1–7, 10, 11, 15, 16) should be modiﬁed and are shown in Appendix C.
3.2. Degenerated problem 2
Two bonded cracked FGM half planes (h1?1, h2?1). If the edge boundaries h1 and h2 move to inﬁnity (h1?1,
h2?1), the kernels k3(x, t), k4(x, t), k5(x, t), k7(x, t), k8(x, t), k9(x, t), k12(x, t), k13(x, t), k14(x, t), k16(x, t), k17(x, t) and


































































eða1tþa2xÞdaIt can be seen that the existence of kernels k3(x, t), k4(x, t), k5(x, t), k7(x, t), k8(x, t), k9(x, t), k12(x, t), k13(x, t), k14(x, t), k16(x, t),
k17(x, t) and k18(x, t) in Eq. (19) come from the effects of the boundary surfaces (x = h1, h2) acted on the two cracks.
3.3. Degenerated problem 3
(h1?1, h2?1, 2a20 = 0)
Consider the case that the boundary surfaces move to inﬁnity and the crack in material 2 vanishes. It becomes a cracked






t  xþ h1ðx; tÞ þ k2ðx; tÞ
 
g1ðtÞdt ð24cÞIt agrees with Eq. (20) of Erdogan (1985).4. Solutions of the singular integral equations
The solutions of the singular integral equations Eq. (19) with the Cauchy type kernel are:giðtÞ ¼
GiðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt  aiÞðbi  tÞ

































































p þ Other terms ð27bÞ
In order to obtain the speciﬁc functions G1 (a1), G1(b1), G2(a2) and G2(b2), we deﬁne dimensionless quantities (Erdogan et al.,
1973) as follows:xi ¼ xi  ci0ai0 ;
ti ¼ ti  ci0ai0 ;
hi ¼ hi  ci0ai0 ; f ið
tiÞ ¼ giðtÞ; ði ¼ 1;2Þthen Eq. (25) become:fiðtiÞ ¼ Fið
tiÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ tiÞð1 tiÞ
p ; ði ¼ 1;2Þ ð28Þwhere F1ðt1Þ and F2ðt2Þ are related to G1(t) and G2(t). Eq. (19) can be expressed in Chebyshev polynomials, which are









Fið1Þ ð29bÞwith i = 1, 2. Based on the quadratic extrapolation technique, the unknown crack tip values of Fi(1) and Fi(1) can be ob-
tained by using the values of Fi at nodes 2, 3, 4 and n  1, n  2, n  3, respectively. Here n is the number of collocation points
along crack lines.
5. Results and discussions
In the following numerical computations, the shear loads s1 and s2 applied on the crack surfaces are assumed to be equal.
Two crack lengths 2a20 and 2a10 are also assumed to be equal. The stress intensity factors at the crack tips are normalized as:kai ¼ k3ðaiÞs2 ﬃﬃﬃﬃﬃﬃﬃa20p ð30aÞ
kbi ¼ k3ðbiÞs2 ﬃﬃﬃﬃﬃﬃﬃa20p ð30bÞwith i = 1, 2.
5.1. A FGM thin ﬁlm bonded to a homogeneous elastic substrate (h2?1, c = 0)
Consider a practical case that a FGM thin ﬁlm is bonded to a homogeneous elastic substrate. The material properties of
this thin ﬁlm can be selected to ﬁt the functional requirement. The left crack is located at c20/h1 = 1/5. Fig. 2(a) and (b) show
the variations of normalized intensity factors with normalized length c10/h1 at different values of ba10 when the boundary
surface x = h1 is free of traction.
In Fig. 2(a), kb1 is greater than ka1 when ba10 is positive and vice versa. Because of the crack interaction, ka1 increases as
the crack approaches the interface. Consider the case ba10 = 0. Due to the edge effect, kb1 is greater than ka1 when the crack is
close to the ﬁlm surface. As the right crack moves to the interface x = 0, ka1 becomes larger and ﬁnally ka1 is greater than kb1
according to the crack interaction effect.
For all values of ba10 in Fig. 2(b), a general tendency can be seen that both factors kb2 and ka2 decrease and approach to a
constant as c10/h1 increases. It is due to the gradually decay of the crack interaction effect.
5.2. Two bonded FGM cracked-strips
Let us go back to the most general case that two cracked strips are bonded together. In the following discussion, the
geometry parameters of the left crack are kept unchanged. The ratios of c10/h and h1/h2 are subjected to change in order
to study the effects of crack location and edge conditions, respectively.
Fig. 2. Variations of normalized intensity factors with c10/h1 when c = 0, h2? 1.
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Fig. 3(a) and (b) are the variations of normalized intensity factors with c10 /h when ba10 =  ca20 =  0.25, and ba10 =
 ca20 = 0.25, respectively. The thickness of the strips h1 =  h2. The geometry parameters of the left crack are h2/c20 = 5 and
h2/(2a20) = 3.75. From the FGM deﬁnition Eq. (3), the stiffness at the interface is highest when ba10 =  ca20 =  0.25, while
it is weakest for ba10 =  ca20 = 0.25.
In Fig. 3(a), ka1 and kb2 are greater than kb1 and ka2because of the crack interaction and material effects. As the right
crack moves to the right with increasing c10 /h, ka2 and kb2 decrease and reach to a constant value, respectively.
Consider the case in Fig. 3(b). Since the material effect dominates, ka2 is always greater than kb2. The difference between
them is reduced smaller when crack distance c10 /h is small and crack interaction becomes prominent. Same conclusion can
be made to the factors ka1 and kb1. However, due to the edge effect, these two factors increase for Case 1 and decrease for
Case 2 when the right crack approaches the boundary x = h1.
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Let us consider the case that the conﬁguration of Fig. 1 remain unchanged except the right boundary surface x = h1. This
surface is extended to the right. Under the conditions h2/(2a20) = 3.75 and h2/c20 = h2/c10 = 2, the variations of normalized
stress intensity factor kb1 shown in Fig. 4 are examined to study the edge effects come from edge conditions and the normal-
ized length parameter h1/h2.Fig. 3. Variations of normalized intensity factors with c10/h when (a) ba10 =  ca20 =  0.25, and (b) ba10 =  ca20 = 0.25.
Fig. 4. Variations of normalized stress intensity factor kb1 with h1 h2.
Fig. 5. Variations of normalized stress intensity factors with ba10 for a crack in an inﬁnite medium.
340 Y.-J. Chen, C.-H. Chue / International Journal of Solids and Structures 46 (2009) 331–343In both case ba10 =  ca20 =  0.25 and ba10 =  ca20 = 0.25, the normalized stress intensity factor kb1 is higher when the
boundary surface is traction-free than that when the boundary surface is ﬁxed. In addition, the factor kb1 decreases when the
traction-free boundary surface is moved to the right and vice versa for the ﬁxed boundary surface case.
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In this section, we will compare the numerical results of degenerated problem 3 with those of Erdogan (1985). Degener-
ated problem 3 is an inﬁnite FGM containing a crack. Fig. 5 shows the results of the variations of normalized intensity factors
with nonhomogeneous parameter ba10. It agrees well with Fig. 2 in the paper Erdogan (1985).
6. Conclusions
The fracture behavior of two bonded cracked FGM strips has been studied. The effects of the nonhomogeneous material
parameters, crack locations and edge boundary conditions on the stress intensity factors have been emphasized. From the
results, it shows that (1) the stress intensity factors decrease with increase in the distance between two cracks; and (2)
the stress intensity factors are larger when the crack tip is located in the stiffer elastic medium and is near the free boundary
surface.











2a2a2p1ep2h1 ½q1q2ðeq2h2  eq1h2 Þ þ p2ðq1eq1h2  q2eq2h2 Þ
D
ea1ðtþxÞda ðA:2Þ





2a2a2ep1h1 ½q1q2ðeq1h2  eq2h2 Þ þ p2ðq2eq2h2  q1eq1h2 Þ
D
ea1ðtxÞda ðA:3Þ





2a2a2p1ep1h1 ½ðq2eq2h2  q1eq1h2 Þ þ p1ðeq1h2  eq2h2 Þ
D
ea1ðtxÞda ðA:4Þ





2a2a2p1ep1h1 ½ðq1eq1h2  q2eq2h2 Þ þ p2ðeq2h2  eq1h2 Þ
D
ea1ðtþxÞda ðA:5Þ







2a2a1p2ep2h1eq2h2 ðq2  q1Þ
D
eða2ta1xÞda ðA:6Þ







2a2a1p2ep2h1eq1h2 ðq1  q2Þ
D
eða2ta1xÞda ðA:7Þ







2a2a1p1ep1h1eq2h2 ðq1  q2Þ
D
eða2tþa1xÞda ðA:8Þ







2a2a1p1ep1h1eq2h2 ðq2  q1Þ
D
eða2tþa1xÞda ðA:9Þ











2a2a1eq2h2 ½p1p2ðep1h1  ep2h1 Þ þ q2ðp2ep2h1  p1ep1h1 Þ
D
ea2ðtþxÞda ðA:11Þ





2a2a1eq1h2 ½p1p2ðep2h1  ep1h1 Þ þ q2ðp1ep1h1  p2ep2h1 Þ
D
ea2ðtþxÞda ðA:12Þ





2a2a1q1eq1h2 ½q1ðep2h1  ep1h1 Þ þ ðp1ep1h1  p2ep2h1 Þ
D
ea2ðtþxÞda ðA:13Þ





2a2a1eq1h2 ½p1p2ðep1h1  ep2h1 Þ þ q1ðp2ep2h1  p1ep1h1 Þ
D
ea2ðtþxÞda ðA:14Þ







2a2a2q2ep2h1eq2h2 ðp1  p2Þ
D
eða1tþa2xÞda ðA:15Þ







2a2a2q2ep1h1eq2h2 ðp2  p1Þ
D
eða1tþa2xÞda ðA:16Þ







2a2a2q1ep2h1eq1h2 ðp2  p1Þ
D
eða1ta2xÞda ðA:17Þ







2a2a2q1ep1h1eq1h2 ðp1  p2Þ
D
eða1ta2xÞda ðA:18Þwhere
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2a2a2p1q1q2ep2h1 ½p2ðeq2h2  eq1h2 Þ þ ðq2eq1h2  q1eq2h2 Þ
D1
ea1ðtþxÞda ðB:2Þ





2a2a2p2q1q2ep1h1 ½p2ðeq1h2  eq2h2 Þ þ ðq1eq2h2  q2eq1h2 Þ
D1
ea1ðtxÞda ðB:3Þ





2a2a2p1q1q2ep1h1 ½p2ðeq1h2  eq2h2 Þ þ ðq1eq2h2  q2eq1h2 Þ
D1
ea1ðtxÞda ðB:4Þ





2a2a2p2q1q2ep1h1 ½p1ðeq2h2  eq1h2 Þ þ ðq2eq1h2  q1eq2h2 Þ
D1
ea1ðtþxÞda ðB:5Þ



















































2a2a1p1p2q1eq2h2 ½q2ðep1h1  ep2h1 Þ þ ðp1ep2h1  p2ep1h1 Þ
D1
ea2ðtþxÞda ðB:11Þ





2a2a1p1p2q2eq1h2 ½q2ðep2h1  ep1h1 Þ þ ðp1ep1h1  p2ep2h1 Þ
D1
ea2ðtxÞda ðB:12Þ





2a2a1p1p2q1eq1h2 ½q2ðep2h1  ep1h1 Þ þ ðp2ep1h1  p1ep2h1 Þ
D1
ea2ðtxÞda ðB:13Þ





2a2a1p1p2q2eq1h2 ½q1ðep1h1  ep2h1 Þ þ ðp1ep2h1  p2ep1h1 Þ
D1
ea2ðtþxÞda ðB:14Þ







































eða1ta2xÞda ðB:18ÞwhereD1 ¼ 2p1p2q1q2a1a2 ðeq1h2  eq2h2 Þðp1ep2h1  p2ep1h1 Þ þ ðep1h1  ep2h1 Þðq2eq1h2  q1eq2h2 Þ












a1½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
ea1ðtþxÞda ðC:1Þ






a1½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
ea1ðtxÞda ðC:2Þ






a1½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
ea1ðtxÞda ðC:3Þ






a1½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
ea1ðtþxÞda ðC:4Þ








a2½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
eða2ta1xÞda ðC:5Þ








a2½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
eða2tþa1xÞda ðC:6Þ











ea1h1fp1p2ðea1h1  ea1h1 Þ  q2ðp2ea1h1  p1ea1h1 Þg
a2½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
ea2ðtþxÞda ðC:8Þ








a1½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 
eða1tþa2xÞda ðC:9Þ








a1½ðp1  q2Þea1h1 þ ðq2  p2Þea1h1 








































ðD1Þwhere tk = cos(2k-1)p/2n, (k = 1, 2, . . ., n); xr = cos (rp/n), (r = 1, 2, . . ., n  1) are the nodes satisfy Chebyshev polynomial of the
ﬁrst and second kind respectively, Eq. (D1) involve 2n simultaneous linear equations to solve 2n unknowns Fi(tk) (i = 1, 2 and
k = 1, 2, . . ., n).
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